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Q1. For the following signal x(t) = repr, {A rect G)}, determine the

complex exponential Fourier series, the trigonometric Fourier series and
the compact Fourier series.

x(t)

2Ty —To —1/2071/2 To 2To
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Q1. Solution. The complex exponential Fourier series is

(00)

. 2T
x(t) = z a, e/t g =—
To
n=—oo
where the coefficients are calculated as
1 t0+T0 . 1 T0/2 .
o, = — x(t)e /nwoldt = —J x(t)e M@t gt n=0+1+2,..
To Ji, To J_1,/2
1 —-7/2 T/2 To/2
a, = — U 0 X (e~/m@ot)dt + j A(e/n@ot)dt + J 0 x (e=/n@ot)dy¢
TO —To/2 -7/2 T/2
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1 (/2 .
A, = — A(eIn@ot)dt
TO -7/2
At
Ao =
To
At | (nwor) 0
a, = —SInc , n +
L 21
Hence,
At (nwor) At (nr) 0 +1 +2
a, = —=—SInc = —SImmc\—-+—1, n=4u,xl, r4,..
nTT, 21 T, T,

Notice that ay = ? sinc(0) = ?, which is average value or DC value.
0 0
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The value of «,, is real, and hence, the phase is 0° or 180°.

| = At (nwor)

—sinc
T, 2T

za, = 0°or 180°

Notice that when «a,, is negative, the phase is 180° = —180° = 7 = —m.

Since x(t) is real-valued signal, we have

a_, = ay, , n=20,123,..

za_, =0°0r180° = —2a,
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The trigonometric Fourier series is

2T

a
x(t) = 70 + 2 [a,, cos(nwyt) + b, sin(nwet)] , wy = N
0

n=1

where the coefficients are calculated as

a, = ™ x(t) cos(nwyt) dt n=0,12,3,..
0Jt,

to+Ty

b,, x(t) sin(nwyt) dt n=0,12,3,..

x(t) cos(nwyt) dt

. ) 4 ,to+To/2
Since x(t) is even, then b,, = 0,Vn, and a,, = p ft00+ o/
0
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x(t) V
A a,
T,
4 (7
| | | N | |t = T_o ) x(t) cos(nwyt) dt
=3To —2To —To 0 To To 2To 3To
2
x(f) V
A a,
0
=— x(t) cos(nwyt) dt
I T AV I T A I VI NI T I I I To Do °
—3To —2To —To 0 To To 2To 3To
2
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x(f) V
A a,
4 (To
=— x(t) cos(nwyt) dt
I T AV N T A I T NI I I I I To To
=3To —2To —To 0 To To 2To 3To
2
x
A a,
3T
4
I I I A N T IV A T A I (s Ty JTo x(t) cos(nawot) dt
8Ty 2Ty -To -Th0To 3Ty 2T, 3Ty *
4 4
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x(t)

11 1°

v
A A

— x t) sin(nwyt) dt
IATO I/To I/o l/To l/ T, () (n@ot)
Al T
2
x(t) V
At by
1 A A ] °
t — x(t) sin(nwyt) dt
IATO I/To I/ro l/To l/ T )
Al T
2
Copyright © Prof. Mohammed Hawa Electrical Engineering Department, The University of Jordan #9
x(f) V
At by
1 A A A e
— x(t) sin(nwyt) dt
L2 | T ) I/ro | 2T l/ Tl
_A_
X
Al
' i — x(t) sin(nwyt) dt
IATO I/To 0 1, 172(% [/TO l/ ToJ)_
_A_
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4 t0+T0/2 T0/2
a, = — x(t) cos(nwyt) dt = —j x(t) cos(nwyt) dt
T, to To Jy
4 (/2 To/2
a, = — A cos(nwyt) dt + — f 0 X cos(nwyt) dt
To Jo To Jey2
4 T/2
a, = — Acos(nwyt)dt + 0
To Jo
4 [to*To/2 (D)t f P Sy ]g 4A [T 241
o=t e = [Faae = ek = H o] - 3
T, to T, T, L2 T,
Hence, the average value is % = T—T, just like earlier.
0
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4 t0+T0/2 4 T0/2
a, = — x(t) cos(nwyt) dt = — x(t) cos(nwyt) dt
T, to To Jy
4 (/2 44 1
a, = — Acos(nwyt) dt = — X — X [sin(nw,yt T/Z n+0
n=g ) Acostuogt) dt == x e x [sin(rogO];
4A 1 nwoT
an=—><—><[sin( 0 )—sin(O)]
T, nw,
. (MwoT . NnwoT
44 sm( 2 ) 2At SIn (7T T ) 2AT | mwyT
a, = X = X oI = smc( )
T, nwy T, T =220 T, 2T

2T
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Since x(t) is an even signal, we have

b, =0
Notice that
a, b, At nwoT _
an=7—]7=T—051nc( Zn)_jo' n=0,1273,...

Also,

a, = 2 Re{a,,} , n=01273,..

b, = -2Im{a,}, n=0,1,23,..
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The compact Fourier series is

c
x(t) = ?0 + Z ¢, cos(nwyt — 6,,), Wy = —
n=1

— JEFR =BT = oy =

b 0
0, = tan~! (—n) = tan~! (—) = 0° or 180°

—Im{a,,}

0, = —Za, = tan”
n a, = tan Re{a.}

Copyright © Prof. Mohammed Hawa Electrical Engineering Department, The University of Jordan #14




Q2. For the following signal x(t) = rep, {2 rect G)}, determine the

complex exponential Fourier series, the trigonometric Fourier series and
the compact Fourier series.

x(t)
A=2
N A I I T I VI I A i
8 6 4 2 012 T=46 8 10 12
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Q2. Solution. You can do the integrals again, or just substitute to get

_AT nwety At nt 2X2 nxz2y n
a, = T—Osmc( o )—T—Osmc<To) 2 smc( 2 )—smc(i)

aAn = —— smc (le T) 2 sinc (;l)

0
The average value is ay = sinc (5)

Cn = Zlanl

0,=—za, = tan‘1<

_Im{an}
Re{a,,} >
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/0
gy = sinc (E) =1 lao| =
71 sin(m/2) +1
a, = sinc (E) = /2 = /2 |la;| = —=0.6366
2 sin(m 0
a2=sinc<—>= ( )=— la,| =0
2 T T
e (3) _sin(3n/2) -1 02122
az =sinc(o ) =~ o T3z 1wl=3,=0
4\ sin(2m) O
= qj — | = = (04 = 0
a, = sinc (2) > o |aal
_ (5) 3 sin(5m/2) 1 01273
as =sinc(g )=~ o Tegp lasl=5,=0

Copyright © Prof. Mohammed Hawa

Lao =
za; =0
zZa, =0
za, =0
Ly =
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Q3. For the following signal x(t) = repg {8 rect(

t—1.5

3

)} — 4, determine

the complex exponential Fourier series, the trigonometric Fourier series

and the compact Fourier series.

x(t)
A=4

-12 9 -6 -3 0 3 To

=6 9

12 15

18

~A=—4
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Q3. Solution. The trigonometric Fourier series is

2T

a
x(t) = 70 + 2 [a,, cos(nwyt) + b, sin(nwyt)] , wy = N
0

n=1

where the coefficients are calculated as

to+T,
a, = T x(t) cos(nwyt) dt n=0,1,2,3,..
0Jt,
to+To
b, = ™ x(t) sin(nwyt)dt , n=0,1,23,..
0 Jt,

Since x(t) is odd, then a,, = 0,Vn, and b,, = Tiftto‘)”"/z x(t) sin(nwyt) dt
0
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4 tO +T0/2 - ZA
b, = — x(t) sin(nwyt) dt = —|[1 — cos(nm)], Vn
Ty J; nm
0
b, =0, Vn = even
44 16
b,=—=—, vVn = odd
nm nm

a, =0, vn

The compact Fourier series is
cn = 2|lan| =/ af + b = |by|

—Im{a,,} b b T
= — = -1 __—_—_—~"7 = -1 (" = -1(Z" = —
0, 4Za, = tan < Rela} ) tan (an) tan ( O) >
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To/2

Ay = — x(t)e Iwotdt = 0
ToJ_y/2
To/2 1 8
iy . an by
Ay = — x(t)e /M@otdt =0 — j=x —[1 —cos(nm)] = ——j—
0
a, =0, vn
24 8
b, = —|[1—cos(nm)] = —|[1—cos(nm)], Vn
nm nm
b, =0, Vn = even
44 16
b, =—=—, Vn = odd
nm nm
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Solutions below are equivalent:

A
ay, =jE[cos(nn) —1], n#0

-12 -9 -6 -3 0 12 15 18

3 To=6 9

ny _ e
an=Asinc(§)eJZ, n%0 A=

But notice that we can use Fourier transform (and Fourier series)
properties to quickly come up with the second equation,

2AT (na)or) - naots — 2AT,/2 e (na)oTo/Z) - inwoTy/4

“n = T—Osmc 21 T, 21

= A sinc (g) e_jnz_n, n+0
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s () -5 ()|

n jn” n
a, = Asinc (—)e_ 2 = Asinc (—)[
" 2 2
82 v (§)cos () - s (o ()
Ap = ——]—=A4AsImc|z)cos\— ) — sinC{z)sm\|\—
nT2 2 2/ "/ 2/ 7\
_ay, b, Asin(7)cos( Asin(—-)sin (=
=TI nn —/ nr
2 2
sasin (%) cos ()
a, = =0, vn
nm
sasin (%) i (1)
b, = =0, Vn = even
nm
wasn ()5 ()
b, = =—, vn = odd
nr nm
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Q4. For the following signal x(t) =rep,{4rect(t+0.5)}—1=
rep,{—4 rect(t — 0.5)} + 3, determine the complex exponential Fourier
series, the trigonometric Fourier series and the compact Fourier series.

x(t)
3A/4=3

4 3 2 -1 0 1T=23 4 5 6!
1 1 T
-A/4=-1
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Q4. Solution.

To/2 .
Ay = — x(t)e Inwotdt
To —To/2
0 To/2
= — (34/4)(e)dt + — (—A/4)(e%)dt
To J_1y/2 To Jo
34/4 . ~Al4 g, 3AJAT. =Tyl —A/4[T,
= o —[t] Y = — lo - o Ol
T, [tl=r,2 + T, [tlo T, 2 | T, L2
_3A A 24 _A_4_
=g T g T8 4 4

Now find «,, a,, b,,, ¢, and 6,,.
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Using Fourier transform (and Fourier series) properties,

At (nwor) ooty — AT, /2 sinc (nono/Z) JnWoTo/4

a, = T—Osmc o T, o

= gsinc (g) e+jnZ_n, n+0

Only « is affected by the amplitude shifting (DC shift)

At nw,T A AT,/2 A A
aoz—sinc( 2;) o_4_4To/ sinc(0) — — =

= — =1
T, 47T, 4~ 2

_A_
4

INJINS

A
4
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HWaA4. Solution using Integration.

&
1 —Jjnwot
Ay, = — x(t)e Jnwot gt
To J_
To
1 (0 34y, oo, 1 (Z) A\, .,
= — (ef 0)dt+ —— (ef O)dt, n#0
TO _& TO 4‘
2
0 Ty
34 1 . —A 1 . 2
an — - e—]nwot - e—jna)ot
4Ty l—jnw, 4Ty Ll—jnw, 0
3A 1 +]nono 1 —JjnwoTo
a, = X — e —e e 2z —e
4T, —jnw 4T0 —Jjnw,
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3A 1 l 0 +Jn<00To 1 l —JjnweTo 0]
A, = X — e’ —e e~ 2 —e
AT, —jnw, 4TO —jnwg
+jnwoTy —jnweTy
3A e 4 [ —jnweTy +jnwoTo] N —-A e 4 [ —jnweTy +jnweTp]
a, = X ; e 4 —e 4 X ; e 4 —e 4
4T, —jnwg L 14T, " —jnw,
+jn(1)0T0 [ +jn(1)0T0 —jn(l)oTo_ —jnono [ +jn(1)0T0 —jnono_
3A e 4 e 4 —e 4 N —A e 4 e 4 —e 4
a, = X - X .
2T, nw, 2j 2T, nw, 2j
+jnwoTy —JnwoeTo
34 e 4 (na)OT()) —A e 4 (na)OT(,)
d, = X Sin Sin
"2T, nw 4 2T, nw 4
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+jn(l)0T0 —jn(l)oTO

34 e 4 nwaoT, —A e 4 nwaoT,
a, = X sin( 0 0) + X sin( 0 0)
0 0

2T, nw 4 2T, nw 4
+jna)0T0 —jnono
34 e 4 _ nwo Ty —A e 4 . nwo Ty
a, = X Xsin|m + X Xsm|m——
3 nwoT, 41 8 nwoTy 41
w— w—F
41 4
34 +jnwoTo _ nwo Ty —A —jnwoTo _ nwoTy
a, =—Xe 4 X sinc Xe 4 Xsmc|\——
8 s 8 s
Notice,
nwgly, nX2mXT, n
41 AT X T, 2
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nwely nX2mXT, nm
4 4% T, 2
Hence,
34  prm o oomy —A  _nmmo o oom
a, =—Xe ' 2 ><smc(—)+—><e 2 XSIHC(—)
8 2 8 2
Notice for Vn = even
ne(3) =0
SINC |\ =) =
2
a, =0

which is equal in value to,

a, = gsinc (g) e_jnz_n
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For Vn = odd, we notice from Euler’s identity that,

% = cos () () =0+ sin () = [0~ ssin ()]

= — [cos (ng) — j sin (n;)] = —e_j%

In other words, two conjugate numbers are equal and negative of each
other because the real part is zero Vn = odd. Hence,

an:?Xe 2 ><smc(—)+—><e 2 ><smc(§)

2 8
34 NI n A NI n
tay =5 X% e™/ 2 x sinc (E) +g X e™/ 2 x sinc (E)
34 A NI n A n N1
an = ?+ §l x e"/2 x sinc (E) = Esinc (E) e+]7, n+0
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